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Frobenius-Schur indicator for categories with 

duality 



Kenichi Shimizu* 



Abstract 

We introduce the Frobenius-Schur indicator for categories with duality 
to give a category-theoretical understanding of various generalizations of 
the Frobenius-Schur theorem, including that for semisimple quasi-Hopf 
algebras, weak Hopf C*-algebras and association schemes. Our framework 
also clarifies a mechanism how the 'twisted' theory arises from the ordinary 
case. As a demonstration, we give a twisted Frobenius-Schur theorem for 
semisimple quasi-Hopf algebras. We also give several applications to the 
quantum SL2. 



1 Introduction 

We begin by recalling the celebrated theorem of Frobenius and Schur. Let \ 
be the character of a complex continuous representation of a compact group G. 
The Frobenius-Schur indicator (or FS indicator, for short) of \ is defined by 

= / x(g 2 W(g), (1.1) 

Jg 

where /i is the normalized Haar measure on G. If \ is irreducible, then the value 
of v{x) has the following representation-theoretic meaning: 

Theorem (Frobenius-Schur theorem). Let V be a complex continuous irre- 
ducible representation of a compact group G, and let x be the character of V . 
Then we have 

{+1 if V is real, 
if V is complex, (1.2) 
— 1 if V is quaternionic. 

Moreover, the following statements are equivalent: 

(2) V is isomorphic to its dual representation. 

(3) There exists a non- degenerate G-invariant bilinear form b on V. 
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If one of the above equivalent statements holds, then such a bilinear form b 
on V is unique up to scalar multiples and satisfies b(w,v) = v{x) •b(v,w) for all 
v, w G V. In other words, b is symmetric if v(x) = +1 an d * s skew- symmetric 

ifv(x) = - 1 - 

The Frobenius-Schur theorem has been generalized in various directions, 
including Hopf algebras, tensor categories and conformal field theories. The 
following is a list of such generalizations: 

(FS1) Semisimple Hopf algebras (Linchenko- Montgomery [![). 

(FS2) Semisimple quasi-Hopf algebras (Ng-Mason Schauenburg Q). 

(FS3) Conformal field theories (Bantay [4|). 

(FS4) C*-fusion categories (Fuchs-Ganchev-Szlachanyi-Vecsernyes Q). 

(FS5) Sovereign tensor categories (Fuchs-Schweigert 6|). 

(FS6) Pivotal monoidal categories (Ng-Schauenburg 7H9|)- 

The work of Ng and Schauenburg gives a category-theoretical understanding 
of (FS1)-(FS5). These theories have many applications in Hopf algebras and 
tensor categories; see On the other hand, there are generalizations of 



the Frobenius-Schur theorem in other directions: 

(FS7) Twisted FS indicator for finite groups (Kawanaka-Matsuyama [li 
(FS8) Twisted FS indicator for semisimple Hopf algebras (Sage- Vega [IE 
(FS9) FS indicator for association schemes (Hanaki-Terada [20(). 
There is no obvious way to understand them in the framework of Ng and 
Schauenburg since we do not know whether there is (and what is) a suitable 
pivotal monoidal category to treat them. The first aim of this paper is to give 
a category-theoretic understanding of the theories (FS7)-(FS9). Following the 
approaches of (FS4)-(FS6), we see that the duality is what we need to define the 
FS indicator. This observation leads us to the notion of a category with duality 
(Definition l2.1j) . which has been well-studied in the theory of Witt groups (2lll22l |. 
We introduce and study the FS indicator for categories with duality (Definition 
12.81) . Considering a suitable category, we recover (FS7)-(FS9) and further obtain 
the Frobenius-Schur theorem for Doi's group-like algebras (Example 13.91) and 
finite-dimensional weak Hopf C*-algebras (Example I3.10[) . 

Our framework also clarify a mechanism how the 'twisted' theory arises 
from the ordinary case (cf. [19:., §4]). As a demonstration, we built a twisted 
Frobenius-Schur theorem for semisimple quasi-Hopf algebras ( tJ3.4l) . Finally, we 
give several applications to the quantum SI/2- 

Remark 1.1. In a Hopf algebraic context, the n-th FS indicator v n is defined 
for each n > 2 (see Plilll3|). What we have called the FS indicator is in fact 
the second FS indicator V2- In this paper, we consider only the second one and 
generalize it to categories with duality. There is a reason why we cannot define 
higher (i.e., n-th for n > 3) FS indicators in our settings; see Remarks 12.61 and 

Bump and Ginzburg [23| introduced the higher twisted FS indicator for finite 
groups and Sage and Vega [19| generalized them to semisimple Hopf algebras. It 
is interesting and natural to ask what is a good category-theoretical framework 
to deal with the higher twisted FS indicators. 
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Remark 1.2. Linchcnko and Montgomery |l| established a relation between the 
FS indicator and invariant bilinear forms on a given representation. Unlike the 
case of compact groups, a relation between the FS indicator and 'reality' of 
representations is not known in the case of Hopf algebras; as remarked in [l[, 
the reality of a representation of a Hopf algebra is not defined since, in general, 
a Hopf algebra do not have a good basis like the group elements of the group 
algebra. 

In a forthcoming paper, we will introduce the notion of real representations 
of a Hopf *-algebra and formulate (|1.2j) in a Hopf algebraic context. We will also 
provide an exact quantum analog of the Frobenius-Schur theorem for compact 
quantum groups. 



1.1 Organization 

The present paper is organized as follows: In Section [2j following Mac Lane 



24j . we recall some basic results on adjoint functors and then introduce a 
category with duality in terms of adjunctions. By generalizing the definitions of 
(FS4)-(FS6), we define the FS indicator of an object of a category with duality 
(Dcfinition l2.8[) . We also introduce a general method to 'twist' the given duality 
by an adjunction. Then the twisted FS indicator is defined to be the 'untwisted' 
FS indicator with respect to the twisted duality. 

Pivotal Hopf algebras are introduced as a class of Hopf algebras whose 
representation category is a pivotal monoidal category; see, e.g., [l4|. Motivated 
by this notion, in Section [31 a pivotal algebra is defined to be a triple (A, S, g) 
consisting of an algebra A, an anti-algebra map S : A — > A and an invertible 
element g S A satisfying certain conditions (Definition 13. II) . The representation 
category of a pivotal algebra is not monoidal in general but has duality. 
Therefore the FS indicator of an A-module is defined in the way of Section [2j 

Note that, from our point of view, (|1.1|) is not the definition but a formula to 
compute the FS indicator. A natural problem is when such a formula exists. In 
Section [3j we also give a formula for a separable pivotal algebra (Theorem 13. 8p ; 



if a pivotal algebra A = (A, S, g) has a separability idempotent E, then 

v(V) = J2xv(S(e'A 9 eI') ( E = J2 E 'i® E 'i) (1-3) 



for all finite-dimensional left A- module V with character \v- The case g = 
1 is the formula of Linchenko and Montgomery jlj (see also Doi 25]). By 
specializing (11.31) . we obtain a formula for group-like algebras (Example l3.9[) and 
for finite-dimensional weak Hopf C*-algebras (Example 13. 10[) . We also obtain 
the formula of Mason and Ng [2| for finite-dimensional semisimple quasi-Hopf 
algebras and its twisted version ( H3.4p . 

In Section 01 we introduce a copivotal coalgebra as the dual notion of 
pivotal algebras. Each result of Section [3] has an analogue in the case of 
copivotal coalgebras. A crucial difference from the case of algebras is that 
there are infinite-dimensional coseparable coalgebras. For example, the Hopf 
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algebra R(G) of continuous representative functions on a compact group G is 
coseparable with coseparability idempotent given by the Haar measure on G. 
The formula (jl.lj) is obtained by applying the coalgebraic version of (|1.3|) to 
R(G). 

In Section [3J we apply our results to the quantum coordinate algebra 
O q {SL2) and the quantized universal enveloping algebra U q {sl%). We first 
determine the FS indicator of all simple right C (? (S'L2)-comodules. In a similar 
way, we also determine the twisted FS indicator with respect to an involution 
of O q {SL2) corresponding to the group homomorphism 

in the classical limit q — > 1. Similar results for [^(sfe) ar e also given. 
1.2 Notation 

Given a category C and X, Y G C, we denote by Home (A, Y) the set of all 
morphisms from A to Y. C op means the opposite category of C. An object 
X G C is often written as A op when it is regarded an object of C op . A similar 
notation is used for morphisms. A functor F : C ~ > V is denoted by F op if it is 
regarded as a functor C op — > T>° p . 

Throughout, we work over a fixed field k of characteristic not two. By an 
algebra, we mean a unital associative algebra over k. Given a vector space V 
(over k), we denote by Y v — Hom^fV, k) the dual space of V. For / G Y v and 
v E V, we often write /(w) as (/,«). Unless otherwise noted, the unadorned 
tensor symbol (g> means the tensor product over k. Given t £ V® n , we often 
write t as 

t = t 1 ® ■ • • ® i" G Y (g) • ■ • O V. 

The comultiplication and the counit of a coalgebra are denoted by A and e, 
respectively. For an element c of a coalgebra, we use Sweedler's notation 

A(c) = C(i) <g) C( 2 ), A(C(1)) O C( 2 ) = C(i) ® C( 2 ) O C( 3 ) = C(i) ® A(C( 2) ), . . . 



2 Categories with duality 
2.1 Adjunctions 



Following Mac Lane [24J , we recall basic results on adjunctions. Let C and V be 
categories. An adjunction from C to 7? is a triple (F, G, $) consisting of functors 
F : C -> 2? and G : 2? -> C and a natural bijection $ x ,y : Homp(F(X), Y) ->■ 
Hom c (X, G(Y)) (A G C, Y e 2?). 

Given an adjunction (F, G, $) from C to 2?, the unit r\ : idc — > GF and 
the counit e : FG — > idx> of the adjunction (F, G, $) are defined by r\ x = 
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®X f(x)(^f{x)) and £ y — ^g\y) y^g(y)) f° r X & C and Y G T>, respectively. 
They satisfy the counit-unit equations 

£f(x) ° F(Vx) = id F(x) and G(e Y ) ° Vg(y) = id G(r) (2-1) 
for all X E C and Y £ 2?. By using 77, the natural bijection $ is expressed as 

$x,Y(f)=G(f)°Vx (f GRomc(F(X),Y). (2.2) 
Similarly, by using e, the inverse of $ is expressed as 

*xV(5) = £y°^(3) (5eHom^(X,G(r)). (2.3) 

Note that o at the right-hand side stands for the composition in T>. We will 
deal with the case where V — C op , the opposite category of C. 

Each adjunction is determined by its unit and counit; indeed, let F : C — > V 
and G : T> — » C be functors, and let 77 : idc — ^ GF and e : FG — > idp be 
natural transformations satisfying (|2.ip . If we define $ by (|2 . 2[) . then the triple 
(F, G, $) is an adjunction from C to T> whose unit and counit are 77 and e. From 
this reason, we abuse terminology and refer to such a quadruple (_F, G, 77, e) as 
an adjunction from C to T>. 



2.2 Categories with duality 



The following terminologies are taken from Balmer [2l| and Calmes-Hornbostel 



22|. 



Definition 2.1. A category with duality is a triple C = (C, (— ) v , j) consisting of 
a category C, a contravariant functor (— ) v : C — > C and a natural transformation 
j : idc - > (~) vv satisfying 

Ux) V oj xv =id X v (2.4) 

for all X e C. If, moreover, j is a natural isomorphism, then we say that C is a 
category with strong duality or, simply, C is strong. 

Let C be a category with duality. We call the functor (— ) v : C — > C the 
duality functor of C A pivotal monoidal category is an example of categories 
with duality; see 0, Appendix]. Thus we call the natural transformation j : 
idc ~~ ► (~ ) VV the pivotal morphism of C 

Example 2.2. The category Rep(G) of finite-dimensional representations of a 
group G over k is an abelian category with strong duality; the duality functor 
is given by the dual representation and the pivotal morphism is the canonical 
isomorphism of vector spaces. 

Let D denote the duality functor of C regarded as a covariant functor from 
C to C op . Definition O says that the quadruple (D, £> op , J, j op ) : C -> C op is an 
adjunction. Hence we obtain a natural bijection 

J x ,y : Hom c (X,y v ) - Homco P (£>(y), A op ) 

— > Hom c (r, D°v(X°v)) = Uom c {Y, X y ) (X, YeC), 

(2.5) 
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which we call the transposition map. By (|2.2[) . T x,y is expressed as 



Tx,y(/) = / V ojy (/eHom c (X,r v )). (2.6) 
By (|2.3p . we have y (3) = ,g v o j x (g E Homc(F, A v )). Hence we have 

T Y ,x o T x ,y = T x ]y j x,y = idHom c (x,yv). (2.7) 

Note that j is not necessarily an isomorphism. By understanding a category 
with duality as a kind of adjunction, we obtain the following characterization 
of categories with strong duality. 

Lemma 2.3. For a category C with duality, the following are equivalent: 

(1) C is a category with strong duality. 

(2) The duality junctor (™) v : C — > C op is an equivalence. 

Proof. Let, in general, (F, G, n, e) be an adjunction between some categories. 
Then F is fully faithful if and only if 77 is an isomorphism [3, IV. 3]. Now 
we apply this result to the above quadruple (D, D op , j, j op ) as follows: If C is 
strong, then D is fully faithful. Since X = A vv = D(X V ) (X E C), D is 
essentially surjective. Hence, D is an equivalence. The converse is clear, since 
an equivalence of categories is fully faithful. □ 

Following (22^ . we introduce duality preserving functors and related notions: 

Definition 2.4. Let C and T> be categories with duality. A duality preserving 
functor from C to 2? is a pair (F, £) consisting of a functor F : C — ?> T> and a 
natural transformation £ : i^(A v ) -> F(X) y (X E C) making 

F(X) F(X VV ) 



3f{x) 



j«xv (2.8) 



F(X) VV ► F(X V ) 



V 



commute for all X E C. If, moreover, £ is an isomorphism, then (F, £) is said to 
be a strong. If £ is the identity, then (i 71 , £) is said to be strict. 

Now let (F, £), (G, C) : C — > V be such functors. A morphism of duality 
preserving functors from (F, £) to (G, £) is a natural transformation h : F — > G 
making 

F(A V ) — F(A) V 



G(A V ) ► G(X) N 

Cx 



commute for all X E C. 
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If (F, £) : C — > V and (G, () : V ^ £ are duality preserving functors, then 
the composition G o F : C — > £ becomes a duality preserving functor with 

G{F(X V )) G(F(X) V ) G{F(X)) V (XeC). 

One can check that categories with duality form a 2-category; 1-arrows are 
duality preserving functors and 2-arrows are morphisms of duality preserving 
functors. Hence we can define an isomorphism and an equivalence of categories 
with duality in the usual way. 

Given a duality preserving functor (F, £) : C — > T>, we define 

F x ,y ■ Hom c (X, Y v ) -> Rom v (F(X), F(Y) V ) {X, Y e C) 

by Fx.y{f) — £,Y°F(f) for / : X — >• F v . F is compatible with the transposition 
map in the sense that the diagram 



Hom c (X,r v ) Homp (F(X),F(F) V ) 



Hom c (T,X v ) > Homx)(F(r),F(X) v ) 



(2.9) 



commutes for all X, Y G C. Indeed, we have 



T F (X),F(Y)(F X ,Y(f)) = (fr °F(/)) v oj F[Y) = F{fY o& oj F{Y) 

= F(/y o e X v o F(jx) = Cy o F(/ v ) o - Fy.y (T x ,y (/)). 



Now suppose that C is a category with strong duality. Then: 

Lemma 2.5. C op is a category with duality with the same duality functor as C 
and pivotal morphism (j _1 ) op . The duality functor on C is an equivalence of 
categories with duality between C and C op . 

Hence, from (JH]) with (F,£) = ((-) v , id(_)v) : C op ->■ C, we see that 

Rom c (X v ,Y) = Hom C op(r op , (X V )°P) ( ~ )V > Hom c (y v ,X vv ) 

j krv.xv (2.10) 

Hom c (F v ,X) = Hom c °p(^ op ,(y v ) op ) - - > Hom c (X v ,y vv ) 

commutes for all X, Y S C, where is the transposition map for C op regarded 
as a map Hom c (X v ,F) ->■ Hom c (^,^0. Explicitly, it is given by T°x Y (f) = 

Remark 2.6. If C is a pivotal monoidal category, then there is a natural bijection 
Hom c (X v ,r) =Hom c (l,X®r) (I.FgC), 



1 X,Y 
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where <8> is the tensor product of C and 1 6 C is the unit object. The diagram 
Hom c (X v ,X) - > Hom c (l,X®X) 

TSfPx I 1^ 
Hom c (X v ,X) > Hom c (l,X<2>X) 

commutes, where the horizontal arrows are the canonical bijections and E\ is 
the map used in Q to define the FS indicator. 

2.3 Probenius-Schur indicator 

Recall that a category C is said to be k-linear if each hom-set is a vector space 
over fc and the composition of morphisms is fc-bilinear. A functor F : C — > D 
between k- linear categories is said to be k-linear if the map Homc(X, Y) — > 
Bom v (F(X),F(Y)), f H> F(f) is fc-linear for all X,Y E C. Note that C op is 
fc-linear if C is. Thus the fc-linearity of a contravariant functor makes sense. 

Definition 2.7. By a category with duality over k, we mean a fc-linear category 
with duality whose duality functor is fc-linear. 

For simplicity, in this section, we always assume that a category C with 
duality over fc satisfies the following finiteness condition: 

dim fc Hom c (X, Y) < oo for all X, Y E C. (2.11) 

Definition 2.8. Let C be a category with duality over fc. The Frobenius-Schur 
indicator (or FS indicator, for short) of X E C is defined and denoted by v(X) = 
Tr(T x,x), where Tr means the trace of a linear map. 

The following is a list of basic properties of the FS indicator: 

Proposition 2.9. Let C be a category with duality over k and let X E C. 

(a) v{X) depends on the isomorphism class of X E C. 

(b) v{X) = Aiu\ k B+{X) - dim fe B' C (X), where B±{X) = {b : X -> X v \ 
T XiX (b)=±b}. 

(c) Let Xi,X2 E C. If their biproduct X\ ©Xi exists, then we have v(X\ © 
X 2 ) = u{X 1 ) + u(X 2 ). 

Proof, (a) Let p : X — > Y be an isomorphism in C. Then 

Hom c (p,p v ) :Hom c (y,r v ) ^Hom c (X,X v ), /^p v o/op 
is an isomorphism. By the naturality of the transposition map, the diagram 

Hom c (y,y v ) Jy - y > Hom c (y,r v ) 

Homc(p.p v ) | J^Homc(p.p v ) 

Hom c (X,X v ) > Uom c {X 1 X v ) 
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commutes. Hence, we have v{X) = Tr(Tx,x) = T^{Jy,y) = u(Y). 

(b) The result follows from (12 . T[) and the fact that the trace of an operator 
is the sum of its eigenvalues. 

(c) For a = 1,2, let i a : X a -> Xi © X 2 and p a : Xi © X 2 -¥ X a be the 
inclusion and the projection, respectively. For a, b,c,d = 1, 2, we set 

T afc = Pcd o Tx 1 (bx 2 ,x 1 ®x 2 o i ab : Rom c (X a ,X^) -> Hom c (X c ,X^), 
where i a b = Homc(p a ,Pj ) and p cc i = Honic(i c , i^). By linear algebra, we have 

Tr(T XieMeX2 ) = Tr(T^) + Tr(T^) + Tr(T^) + Tr(T^). (2.12) 

Now, by the naturality of the transposition map, we compute 

T ab = Hom c (i a ,ib) °T Xi (bx 2 ,x 1 <$x 2 ° Hom c (p a , p b ) 
= Rom c (ia,ib) oHomc(Pi,,Pa) oT *a,*„ 
= Hom c (p 6 o i a ,p y a o o T Xa ,x b - 

Hence T££ is equal to Tx a ,x a i! a = b and is zero otherwise. Combining this 
result with (|2~T2j) . we obtain © X%) = v{X\) + v(X 2 ). □ 

The FS indicator is an invariant of categories with duality over fc. Indeed, 
the commutativity of (|2 .9[) yields the following proposition: 

Proposition 2.10. Let (-F, £) : C — > T> be a strong duality preserving functor. 
If F is k-linear and fully faithful, then we have u(F(X)) = v{X) for all X G C. 

Similarly, we obtain the following proposition from (|2.10l) : 

Proposition 2.11. Suppose that C is a category with strong duality over k. 
Then, for all X G C, we have v{X y ) = Tr(T^ p x ) = v(X°P). 

Let A be a fc-linear abelian category. Recall that a nonzero object of A is 
said to be simple if it has no proper subobjects. We say that a simple object 
V G A is absolutely simple if End^V) = k. Note that the opposite category .4 op 
is also fc-linear and abelian. It is easy to see that an object of A is (absolutely) 
simple if and only if it is (absolutely) simple as an object of A op . 

Proposition 2.12. LetC be an abelian category with strong duality overk, and 
let X G C be an object of C. 

(a) If X is a finite biproduct of simple objects, then v{X) — v{X y ). 

(b) If X is absolutely simple, then v(X) G {0, ±1}. v(X) ^ if and only if 
X is self-dual, that is, X is isomorphic to X v . 

Proof, (a) We first claim that if V G C is simple, then v(V) = v(V v ). Let V G C 
be a simple object. Since (— ) v : C — > C° p is an equivalence, V v is simple as an 
object of C op and hence it is simple as an object of C. If V is isomorphic to V v , 
then our claim is obvious. Otherwise, we have 

Homc(F, F v ) = and Hom c (F v , ^ vv ) ^ Hom c (T/ v , V) = 
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by Schur's lemma. Therefore v(V) = = v(V y ) follows. 

Now write X as X = V\ ® ■ ■ ■ © V m for some simple objects Vi, . . . ,V m £ C. 
By the above arguments and the additivity of the FS indicator, we have 

v{X y ) = v{V?) + ■■■ + u{VZ) = v(Vl) + ■■■ + v(V m ) = v(X). 

(b) Suppose that X £ C is absolutely simple. If X is isomorphic to X v , then 

dim fc Hom c (X,X v ) = dim fe End c (X) = 1, 

and hence v{X) is either +1 or —1 by Proposition l2.9l (b). Otherwise, v{X) = 
as we have seen in the proof of (a). □ 

Remark 2.13. If C is a pivotal monoidal category over k, then the n-th FS 
indicator v n {X) of X £ C is defined for each integer n > 2; see [H. The 
commutativity of (|2.9|) implies V2{X) = v(X y ) (see also Remark l2.6|) . However, 
in view of Proposition 12.121 v(X) = ^(X) always holds in the case where C is 
strong, abelian, and semisimple. We prefer our Definition 12.81 since it is much 
convenient when we discuss the relation between the FS indicator and invariant 
bilinear forms. 

One would like to define higher FS indicators for an object of a category with 
duality over k by extending that for an object of a pivotal monoidal category 
over k. This is impossible because of the following example: For a group G, 
we denote by Vec^ the fc-linear pivotal monoidal category of finite-dimensional 
G-graded vector spaces over k. The n-th FS indicator of V = ® xeG V x £ Vecg 
is given by 

v n (V) = dimfe(K), where G[n] = {x e G \ x n = 1}. (2.13) 

xeG[n] 

Now we put 

C = Vecf d 4 x 24 and V = Vecf d 2 x Zs . 

There exists a bijection / : Z 4 x Z 4 -> Z 2 x Z 8 such that f(x~ 1 ) — f(x)^ 1 for 
all x £ Z4 x Z4. / induces an equivalence C ~ T> of categories with duality 
over k. If we could define the n-th FS indicator for categories with duality 
over k, then there would exist at least one equivalence F : C — > T> such that 
v n {F{X)) = v n {X) for all X £ C and n > 2. However, by ([2T3]) . there is no 
such equivalence. 

2.4 Separable functors 

Consider the category Rep(G) of Example l2.2l The FS indicator of V £ Rep(G) 
is interpreted as follows: Let Bilc(V) denote the vector space of all G- invariant 
bilinear forms on V. We see that the transposition map induces an isomorphism 

£y : Bil G (V) ->-Bi] G (V) ) V v (b)(v,w) =b(w,v) (b £ Bil G (V), v, w £ V) 
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via the isomorphism 

Hom G (V, V v ) -> Bil G (V), f i ¥ ((«, w) i ^ (/(«), to)) . (2.14) 

Let Bil^V) denote the eigenspace of SV with eigenvalue ±1. Then we have 

v{V) = Tr(T y ,y) = Tr(S v ) = dim fc BiLt(F) - dim& Bil G (F). (2.15) 

Thus, from our definition, it is almost obvious that v(V) has the property stated 
in the Frobenius-Schur theorem. On the other hand, it is not obvious that v(V) 
is expressed by (jl.ip . It should be emphasized that, from our point of view, 
(jl.ip is not the definition of v(V) but rather a formula to compute v(V). We 
note that a similar point of view is effectively used to derive a formula of the 
FS indicator for semisimple finite-dimensional quasi- Hopf algebras in Q. 

A key notion to derive (jl.ip is a separable functor [261 ] ; a functor U : C — > V 
is said to be separable if there exists a natural transformation 

U x ,y ■ Hom v (£/(A), U(Y)) -> Hom c (A, Y) (A, Y e C) 

such that Hx,Y(U(f)) = f for all / 6 Homc(A, Y). Such a natural 
transformation II is called a section of U. Suppose that C and V be fc-linear. 
We say that a section II of U is k-linear if Iix,Y is fc-linear for all X, Y G C. 

Now let C be a category with duality over fc, and let V be a fc-linear category 
satisfying (|2.11[) . A fc-linear functor U : C — » V induces a fc-linear map 

t/ x ,y :Hom c (A,y) -+Eom v (U(X),U{Y)) f^U(f) (X,YeC). 

If U has a fc-linear section II, we define a linear map 

fx,Y ■ Hom v ([/(A), U{Y y )) -> Hom v (E7(F), t/(A v )) (A, feC) (2.16) 

so that the diagram 

Hom v ([/(A),C/(r v )) Hom v (C/(r),C/(X v )) 



n x , yv ] 



Hom c (A,F v ) > Hom c (y,A v ) 

commutes. By using the well-known identity Tr(A£>) = Tr(_B^4), we have 

Tr(T Xj x) = Tr([/x,xv ° T x ,x ° rix.x 1 ' ) (2 17) 

= Tr(n Xj xv o C/x^v ° Tx.x) = ^(T x ,x) = ^(A). 

Before we explain how (jl.ip is derived from (|2.17p , we recall the following lemma 
in linear algebra: Let / : V — > W and g : W — > V be linear maps between 
finite-dimensional vector spaces. We define 

J:V®W^V®W, J(v®w) = g{w)® f(v). (v£V,wGW). 
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Lemma 2.14. Tr(/) = Tr(fg). 

Proof. Let {vi} and {iVj} be a basis of V and W, and let {v 1 } and be the 
dual basis to {v^ and {wj}, respectively. Then we have 

Tr(/) = X;^, 5 K-))(^>/(«i)> = E^'./teK))} = Tr(/.g). 

Here, the first and the last equality follow from Tr(/) = > / ( v i)) an d the 

second follows from x — ^^v 1 , x)vi. □ 

The following variation is also useful: Let / be as above, and let h : Z — > Z 
be a linear map on a finite-dimensional vector space Z. Define 

T : Uom k {X ®Y,Z) -> Hom fc (X ® y, Z), b^-hobof. 

This map induces (/) v <E) h : (X <gi Y) v <E> Z ^ (X <E> Y) v ® Z via the canonical 
isomorphism Homfe(X ® y, Z) = (JT (g) y) v ® ,Z. Hence we have: 

Lemma 2.15. Tr(T) = Tr(J) Tr(ft) = Tr(fg) Tr(h). 

Let Vecfd denote the category of finite-dimensional vector spaces over k. If G 
is finite and \G\ ^ in k, then the forgetful functor Rep(G) — ¥ Vecfd is separable 
with section H v<w : Hom fe (V, W) -t Hom G (V", W) (V, W € Rep(G)) given by 

Tlv,w(f)(v) = ]ir E x f( x '' v ) (/ e Hom fc (t/, W0,« G *0- 

Let Bil(V) denote the set of all bilinear forms on V £ Rep(G). There is an 
isomorphism Hom.k(V,V v ) = Bil(V) given by the same expression as (|2.14[) . 
Instead of (|2.16[) . we prefer to consider the map Ey : Bil(y) — > Bil(V) given by 

E v (6)(«, w) = b ( xw > xv ^ ( 6 e Bil (^),«, w e V). 

Ey makes the diagram 

Bil(V) S Hom fe (V, V v ) Uv:VV ) Hom G (V, V v ) £ Bil G (V) 



•1 K 1 



Bil(V) Hom fe (V,y v ) < Hom G (V, V v ) Bil G (V) 

inclusion 

commutes; see the proof of Theorem 13.81 for details. Let p : G — > GL(V) denote 
the action of G on V. By Lemma T2.15[ we have 

u(V) = Tr(Ey) = -L J2 Tr (p(z)p(z)) = ^ E XvOA 



where xv = Tr op : kG — > fc is the character of V. The formula (11.11) for compact 
groups is obtained in a similar way; see Sj4]for details. 
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2.5 Twisted duality 

We formulate the twisted FS indicator of Kawanaka and Matsuyama 18] in our 
settings. Their theory deals with a finite (or compact) group equipped with an 
involution, i.e., an automorphism of order 1 or 2. To construct a framework 
to deal with the twisted FS indicator, we introduce the notion of an involution 
of a category with duality (Definition 12. 17[) and give a method to twist the 
original duality functor by using an involution. Our method can be thought as 
a generalization of the arguments in [19, §4]. 

Let C be a category with duality. We first introduce a quite general method to 
twist the duality functor. Suppose that we are given an adjunction (F, G, rj, e) : 
C —r C and a natural transformation £x '■ F(X V ) — >• G(X) V . Define (x by 

( x : G(X V ) JG(xV) ) G(X v ) vv J F(X VV ) V FUx)V ) F(X) V . ( 2 - 18 ) 

Qx is a natural transformation making the following diagrams commute: 

F{X) F(X WV ) G(X) -^^> G(X VV ) 

3>w| Uxv iG<x) | | CxV ( 2 - 19 ) 

F{xy y — ^ G(X V ) V , G(X) VV — ^ F(X V ) V . 

Indeed, the commutativity of the first diagram is checked as follows: 

>V • -V fVV T7( ■ \VV 

Cx ° Jf(x) = Jg(xv) ° W o F{jx) °3f(x) 

= 3g(xv) ° ic(xv)v o £ X v o F(j x ) = 6f v ° ^(jx)- 

The commutativity of the second one is checked in a similar way as follows: 

Ofv oG(jx) =f(jXv) V o^vv °iG(XW) oG{jx) 

= ffov) V 0^vv0Gfo) VV jG(X) 
= ffev) V oF( J l) V O^OJ GW 

= £x °Jg(x)- 

Now we define the twisted duality functor by X* = G(X V ). The problem is 
when C is a category with duality with this new duality functor (— )". 

Lemma 2.16. Define u) : id c — > (— )" o (— )" fey 

G(Cxv) > G(G(X V ) V ) =) 

(2.20) 



w x : X — GF(X) G.F(X VV ) G(Cxv) > G(G(X V ) V ) = 



T/ie triple (C, (— is a category with duality if 
(fG(X v ) -^4 -W^) v ) (GF(X)) V — ^ X v ) =e x v (2.21) 



/io/<is /or all X <E C. If moreover, C is strong, then the following are equivalent: 
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(1) F is an equivalence. 

(2) G is an equivalence. 

(3) (C, (-) B ,o;) is strong. 

Proof. Let X E C. By (I2.18[) . ojx can be expressed in two ways as follows: 

= G(£x v o F(j x )) o r\ x = G(( x ° Jf(x)) ° 
For each X G C, we compute 

= ) ° Gu G( xv)v o F(j G ( X v)) \ o 77 G(X v) 

= G(r)x oG iCx ° 3f(x)) v °^G(x^r F(jG(xv))) Vg(x^) 

= g(vx ° £f(X) ° F{jp (x) o j F(x) v o Cx)) ° ?7g(xv) 

= G ( ? 7x ° &(X) ° ^(Cx)) o 77 G(X v) 
= G(exv) o 77 G(x v) = id G(X v) = idjfj. 

Here, the fourth equality follows from the naturality of £, the fifth from (|2.4p , 
the sixth from the assumption (|2.21l) , and the seventh from (|2.1I) . Now we have 
shown that the triple (C, (— y,ux) is a category with duality. 

It is easy to prove the rest of the statement; (1) (2) follows from basic 
properties of adjunctions. To show (2) •<=>• (3), recall Lemma [2~3l □ 

In view of Lemma [2. 161 we call a quintuple t = (F, G,r/,e, £) satisfying (|2 . 2 1 1) 
a twisting adjunction for C. Given such a quintuple t, we denote by C* the triple 
(C, (— constructed in Lemma \2. 161 

Now we introduce an involution of a category with duality: 

Definition 2.17. An involution of C is a triple t = (F,£,r]) such that (i* 1 , £) is 
a strong duality preserving functor on C and 77 is an isomorphism 

77 :(idc,id ( _)v)-». (F,0°(F,0 (2-22) 
of duality preserving functors satisfying 

VF(X) = F{ VX ) (2.23) 
for all X 6 C. We say that t is strict if £ and ij are identities. 

Note that (|2.22j) is an isomorphism of such functors if and only if 

Vx °£.F(X) °F(£, X ) °Vx^ = id X v (2.24) 

holds for all X e C. 
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An involution (F, £, rf) of C is a special type of twisting adjunction; indeed, 
by (j2~23| . the quadruple (F, F, 77, 77 1 ) is an adjunction. By the definition of 
duality preserving functors, the natural transformation (|2.18[) is given by 

Cx = F(j x ) y o ££ v oj F{X v } 

= F(jxY o 6f vv F(j X v) = £ x w o F(j x ) o F(j x v) = £ x . 

Since the counit is tj -1 , (|2 . 2 1 1) is equivalent to (|2.24[) . Hence (F, F, 77, r]~ x , £) is 
a twisting adjunction for C. From now, we identify an involution of C with the 
corresponding twisting adjunction. 

Suppose that C is a category with duality over k. Let t = (F, G, . . . ) be a 
twisting adjunction for C. t is said to be k-linear if the functor F : C — > C is 
fc-linear. If this is the case, G is also /c-linear as the right adjoint of F (see, e.g., 



24 . IV. 1]) and hence C* is a category with duality over k. 



Definition 2.18. Let C be a category with duality over k, and let t be a A;-linear 
twisting data for C. The (t-)twisted FS indicator v t {X) of X £ C is defined by 

!/*(*) = i/pr*), 

where X t 6 C* is the object X regarded as an object of C t . 

To study the twisted FS indicator, it is useful to introduce the twisted 
transposition map. Let C be a category with duality (not necessarily over k). 
Given a twisting adjunction t = (F, G, 77, e, £) for C, the (t-) twisted transposition 
map 

J XiY :Rom c (F(X),Y v )^Rom c (F(Y),X v ) (X,YeC) (2.25) 
is defined for / : F{X) -> F v by 

T\ tV (/) : F(Y) F(/V ° Jy) > F(F(X) V ) (GF(X)) V X v . 

For a while, let T^- y : Honic(X, Y"") — > Homc(Y,X") denote the transposition 
map for C*. One can easily check that the diagram 



Hom c (F(X),F v ) ~ > Hom c (X,G(r v )) = Uom c (X,Y^) 



(2.26) 



Hom c (F(F),X v ) ► Hom c (r,G(X v )) = Hom c (F,X») 



commutes for all X, Y e C, where the horizontal arrows are the natural bijection 
given by (I2.2j) . Hence, under the condition of Definition 12.181 we have 

i / t (X)=Tr(T^) = Tr(T^ x ). 

The properties of the twisted FS indicator can be obtained as follows: Apply 
previous results to C* and then interpret the results in terms of C and t by using 
the commutative diagram (|2 . 26|) . Following this scheme, a twisted version of 
Proposition 12. 121 is established as follows: 
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Proposition 2.19. Let C be an abelian category with strong duality over k, let 
X G C, and let t = (F, G, . . . ) be a k-linear twisting data for C. Then: 

(a) If X is a finite biproduct of simple objects, then v t (F{X)) = v t (X y ). 

(b) If X is absolutely simple, then ^{X) G {0,±1}. v (X) ^ if and only 
ifF(X) = X\ 

Let G be a finite group such that \G\ ^ in k. We give two types of examples 
of twisting adjunctions of Rep(G) in the following. The first one fExample l2.20p 
leads us to the twisted FS indicator of Kawanaka and Matsuyama [18]. The 
second one (Example I2.21[) leads us to a very special case of the generalized FS 
indicator of Ng and Schauenburg [l(| ■ 

Example 2.20. Let r be an involution of G. Given V G Rep(G) with action 
pv ■ G — > GL(V), we denote by t(V) the representation of G given as follows: 
As an vector space, r(V) = V. The action of G on t(V) is given by 

G — G — ^-s- GL(V) = GL(t(V)). 

The assignment V h4 t(V) gives rise to a strict involution r of Rep(G). To 
interpret the r- twisted FS indicator v r (V), we define Bil GiT (V) to be the 
subspace of Bil(V) consisting of those elements b satisfying 

b(r(g)v, gw) — b(v, w) for all g G G and v, w G V . 

The r-twisted transposition map induces 

W v : Bil G , T (F) -> Bil G;T , Z v (b)(v, w) = b(w, v) (b € Bil G , T (V),«, w G V) 

via the isomorphism Homg(r(y), V y ) = BHg, t (V) given by the same expression 
as (|2.14l) . Hence we have 

v T (V) = dim fc Bil+ T (V) - dim fe Bi\ Gt (V), 

where Bilg T (V) is the eigenspace of Yi V with eigenvalue ±1. 

To express v T {V) by the character of V, we define Yiy : Bil(F) — > B\\{V) by 

ff v {b){v,w) = i Kr(g)w,gv) (b G Bil(V),v,w e V). 
1 1 <?eG 

Ti v makes the following diagram commutes: 

BH(V) Si Rom k (V,V^) nr(V),VV > Hom G (r(T/),F v ) Si Bil G , T (F) 

Bil(V) = B\om k (V,V v ) i Bom G ( T (V),V v ) Si Bi\ G . T (V) 

inclusion 

Hence, by Lemma \2. 151 we have 

S(V)=Tr(Z v -) = ±-J2xv(T(g)g). 

11 sec 
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Proposition 12. 191 reads as follows: If V € Rep(G) is absolutely simple, then 
v T (V) £ {0, ±1} and the following are equivalent: 

(1)^00^0. 

{2)t{V)^V\ 

(3) There exists a non-degenerate bilinear form b : V x V — > k satisfying 

b(r(g)v, gw) = b(v, w) for all g € G and v,w <EV. 

If one of the above equivalent statements holds, then such a bilinear form b is 
unique up to scalar multiples and satisfy b(w, v) — v T (V)b(v, w) for all v, w £ V. 

Example 2.21. Fix L e Rep(G) with basis {£i} and let {£ 1 } be the dual basis of 
{£{]. For X e Rep(G), we define 

i]x :X^L®iy®X; t] X (x) = £i ® t ® x, 
e x ■ L v ®L®X -> X; e x (a ® £ <g> x) = (a, £)x. 

We also define £ x ■ L v ® X v (L ® X) v by 

<6c(a®/),^®a;> = (a,£)(f,x) (a € L v , / 6 I v ,^L,a:e X). 

One can check that the quintuple t(L) — (L v ® (— ), L ® (—),??, e, £) is a twisting 
adjunction of Rcp(G). 

The t(i)-twistcd FS indicator v{V;L) := v t{ - L \V) of V e Rep(G) is 
interpreted as follows: We denote by Bil(F; L) the set of all bilinear maps 
V x y — > L and by Bi\c(V; L) its subspace consisting of those elements b 
satisfying 

b(gv, gw) = gb(v, w) for all g 6 G and v, w G V". 
Note that there are isomorphisms 

Hom fc (i v ®t/,t/ v ) =Bil(V;L) and Hom G (L v <g) V, V v ) = Bil G (V; L). 

The t(L)-transposition map Hom fc (L v <g> X, Y v ) -> Hom fe (L v <8> Y, X y ) induces 

^:Bi\ G (V;L)^Bi\ G (V;L), S^(b)(v,w) = b(w,v) 

via the isomorphism Bil G (Y; L) = Hom G (i v ® V, Y v ) and hence we have 

v(V; L) = dim fc Bil+(Y; L) - dim fe Bil G (Y; L), 

where Bilg T (V) is the eigenspace of £y with eigenvalue ±1. 
Now we define : Bil(V; L) -> Bil(V; L) by 

££(&)(«,«;) = i S S'^^gw) (6 G Bil(V; L),v, w e 7). 
1 1 gee 
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Ey makes the following diagram commutes: 

Bil(V;L) = Hom fc (L v g> V,V V ) UlV ® v - vV } Hom G (L v <S> V, V v ) = Bi\ G {V; L) 

yL I I T t(i) E i 

Bil(l/;L) = Hom fc (Z, v ® V,V V ) < Rom G {L v ® V,V V ) ^ Bi\ G {V; L) 

inclusion 

Hence, by Lemma \2. 151 we have 

u(V; L) = Tr(£f>) = |ir E XL(ff- X )XvO; a ). 
1 1 sec 

Suppose that dimfc(L) = 1. Then L ® — : Rcp(G) — > Rep(G) is an 
equivalence and hence we can apply Proposition 12 . 19l The proposition reads as 
follows: If V € Rep(G) is absolutely simple, then v(V\L) G {0,±1}. Moreover, 
the following are equivalent: 

(1) u(V;L)^0. 

(2) V = L® V v . 

(3) There exists a non-degenerate bilinear form b : V x V —> k satisfying 

b(gv, gw) = XL(g)b(v, w) for all g G G and v, w G V. 

If one of the above equivalent statements holds, then such a bilinear form 
b is unique up to scalar multiples and satisfies b(w,v) = v(V; L)b(v,w) for all 
v, w G V. 

3 Pivotal algebras 
3.1 Pivotal algebras 

Definition 3.1. A pivotal algebra is a triple (A,S,g) consisting of an algebra 
A, an anti-algebra map S : A — > A, and an invertible element g G A satisfying 
S(g) = g^ 1 an d S 2 (a) = gag^ 1 for all a G A. 

Let A = (A,S,g) be a pivotal algebra. We denote by mod(A) the category 
of left A- modules and by modfd(^4) its full subcategory of finite-dimensional 
modules. Given V G mod (A), we can make its dual space V v into a left A- 
module by 

(af,v):=(f,S(a)v) (a G A, f G V y , v G V). (3.1) 

The assignment V >->• V v extends to a contravariant endofunctor on mod (A). 
Now, for each V G mod (A), we define jv ■ V — > V vv by 

(jv(v)J) = (f,gv) (veVJeV v ). (3.2) 

The following computation shows that jv '■ V — > V vv is A-linear: 

(a-jv(v)J) = (S(a)f,gv) = (/, S 2 (a)gv) = (f,gav) = (jv(av)J). 
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It is obvious that jv is natural in V € mod (A). Now we verify (|2.4[) as follows: 



(Uv) v 3vAf),v) = (JvAf)Jv(v)) = (gf,gv) = (f,S(g)gv) = (f,v). 
Note that jV is an isomorphism if and only if dim/e V < oo. We conclude: 

Proposition 3.2. Let A be a pivotal algebra. Then mod (A) = 
(mod(j4), (— ) v , j) is an abelian category with duality over k. The full subcategory 
modfd(A) is an abelian category with strong duality over k. 

Let A and B be algebras. Given an algebra map / : A — > B, we can make 
each left S-module into a left A-module by defining a-v — f(a)v (a 6 A, v e V). 
We denote by /'(V) the left A-module obtained in this way from V. The 
assignment V H> f\V) extends to a functor 

: mod(B) mod (A). (3.3) 

By restriction, we also obtain a functor 

^| fd :mod fd (B)^mod fd (A). (3.4) 

It is easy to see that these functors are fc-linear, exact and faithful. If, moreover, 
/ is surjective, then they are full. 

Suppose that A — (A,S,g) and B = (B,S',g') are pivotal algebras. A 
morphism of pivotal algebras from A to B is an algebra map / : A — > B satisfying 
/(g) = g' and S'(f(a)) = f(S(a)) for all a € A. If / is such a morphism, then 
the functors (|3.3p and (|3.4p are strict duality preserving functors. 

An involution of A is a morphism r : A — > A of pivotal algebras such 
that r 2 = id a- Such a r gives rise to a strict involution of mod (A), which is 
usually denoted by the same symbol r. The proof of the following proposition 
is straightforward and omitted. 

Proposition 3.3. Let A — (A,S,g) be a pivotal algebra, and let r be an 

involution of A. Put S T = S o r (= t o S). Then: 

(a) The triple A T = (A,S T ,g) is a pivotal algebra. 

(b) id mod ( J 4) is a strict duality preserving functor mod{A T ) — > mod(^4) T . 

This implies that the r-twisted FS indicator of V E modfd(A) is equal to the 
untwisted FS indicator of V regarded as a left A r -module. Thus, in principle, 
the theory of the r-twisted FS indicator reduces to that of the untwisted FS 
indicator of A T , which is again a pivotal algebra. 

3.2 FS indicator for pivotal algebras 

Let A = (A, S,g) be a pivotal algebra, and let V G modfd(j4). Since modfd(A) is 
a category with duality over k satisfying (I2.1ip . we can define v(V) in the way 
of Section [2] 
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The FS indicator v(V) is interpreted as follows: Let Bil(y) be the set of all 
bilinear forms on V . Recall that there is a canonical isomorphism 

By :Hom fe (V;V v )^Bil(F), B v (f)(v,w) = (f(v),w). (3.5) 

Let BiLt(V) be the subset of Bil(V) consisting of those b £ Bil(V) such that 

b(av, w) = b(v, S(a)w) (a £ A,v,w £ V). (3.6) 

The set Bi\ A (V) is in fact the image of Hom j4 (V r , V v ) C Hom fc (V, V v ) under the 
canonical isomorphism (|3 . 5|) . Now we define £y : Bil^V) — > Bil^ (X^) so that 

Eom A (V,V w ) Bv ) BiU(F) 



T 



v. v 



Rom A (V,V v ) > Bil A (V) 

Bv 

commutes, lib — By(f) for some / £ Hom^V, V v ), then we have 

E v (b)(v,w) = B v (f\ ]v )(v,w) = (f w j v (v),w) = (f(w),gv) = b(w,gv) (3.7) 

for all v, w £ V. In view of (|3.7[) . we set 

BU^(V) = {b £ Bi\ A (V) | b(w,gv) = ±b(v,w) for all v,w £ V}. 

Then, as a counterpart of Proposition 12.91 (b) , we have a formula 

v{V) = dim fe Bil^ (V) - dim k BH A (V). (3.8) 

Rephrasing the results of Section 2 by using these notations, we immediately 
obtain the following theorem: 

Theorem 3.4. If V £ modfd(A) is absolutely simple, then we have v(V) £ 
{0, ±1}. Moreover, the following are equivalent: 

(1) u(V) fO. 

(2) V is isomorphic to V v as a left A-module. 

(3) There exists a non- degenerate bilinear form b onV satisfying (|3.6|) . 

If one of the above statements holds, then such a bilinear form b is unique 
up to scalar multiples and satisfies b(w,gv) = v{V) ■ b(v,w) for all v, w £ V. 

We denote by the left regular representation of A. If A is 

finite-dimensional, then the FS indicator of R A is defined. In the case where 
A = kG is the group algebra of a finite group G, there is a well-known formula 
^(RfcG) = if{ x £ G \ x 2 — 1}. This formula is generalized to finite-dimensional 
pivotal algebras as follows: 

Theorem 3.5. Let A = (A, S,g) be a finite- dimensional pivotal algebra. 

(a) v(R A ) = Tr(Q), where Q : A -> A, Q(a) = S(a)g. 

(b) If A is Frobenius, then R A = as left A-modules. Hence, v(R A ) = 
iz(RX). 
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The part (b) is motivated by Remark 12.131 as we have mentioned, our 
definition of the FS indicator is different from that of 8]. Therefore, if, for 
example, A is a finite-dimensional pivotal Hopf algebra, then there are two 
definitions of the FS indicator of the regular representation of A. Nevertheless 
they are equal since a finite-dimensional Hopf algebra is Frobenius. 

Proof, (a) Recall that there is an isomorphism $ : Hom^R^, R^) — !> R^ given 
by $(/) = /(l). For / G Hoitu(R a , R^) and a G A, we have 

($T A)A (/),o> = ((/ v jy)(l),a) = 0V(l),/(a)) - (/(a), 3). 
Recalling that / : R^ — > R^ is A-linear, we compute 

(/(«),. 9) = (/(«•!),. 9) = {«•/(!),. 9) - <*(/), 5(o) ff >, = (Q v $(/), a). 
Hence we have T^.^ = $~ 1 o Q v o $ and therefore 

1/(4) = Tr(T A , A ) = Tr(Q v ) = Tr(Q). 

(b) Suppose that A is Frobenius. By definition, there exists <f> G A v such that 
the bilinear map A x A — » fc, (a, 6) i-^ 0(a6) (a, 6 G A) is non-degenerate. By 
using (/>, we define a linear map / : Ra — > Ra by (/(a), 6) = <fi(S(a)b) (a, & G A). 
It is obvious that / is bijective. For a,i,cG 4, we compute 

</(o&), c) = 0(5(afe)c) = <f>(S(b)S(a)c) = (/(&), S(a)c) - (a • /(&), c). 

Thus / is A-linear and therefore Ra — R^ as left 4-modules. □ 

The following Theorem 13.61 i s motivated by the trace-like invariant of Hopf 
algebras studied in [53] and |28|. Given V G mod (A), we denote by py ■ A — > 
Endfc(F) the algebra map induced by the action of A. Let Iy := Ker(py) denote 
the annihilator of V. By the definition of the dual module V v , we have Tyv = 
S(Iy). Hence, if V is self-dual, then Im(py) — > lm(pv), Pv( a ) ^ Pv(S(a)) 
(a G A) is well-defined. We also note that if V G modfd(A) is absolutely simple, 
then: 

The algebra map py : A — > Endfc(F) is surjective. (3.9) 

Theorem 3.6. Let V G modfd(A) be an absolutely simple module. If V is 
self- dual, then, by the above arguments, the map 

Sy : End k (V) -> End fc (V), p v {a) ^ p v (S(a)) (a £ A) 

is well-defined. By using Sy, we also define 

Qy : End fc (F) -> End fc (y), Q v (f) = Sy(f) o p v (g) (/ G End fc (V)). 

XTien we /iawe: 

(a) Tr(5y) = v(V) ■ X y(g), (b) Tr(Q y ) = • dim fc (V). 
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Proof, (a) This can be proved in the same way as 14|, Proposition 4.5]. Here 
we give another proof: Fix an isomorphism p : V — > V y of left A-modules and 
define q : V — > V v by q = p v l, where t : V —> V yy is the canonical isomorphism 
given by (i(v),f) = (f,v). Our first claim is 

Sv(f)=q~ l f V q (/eEnd fc (V0). 

Indeed, if / = pv(fl) for some a G A, we compute 

f y q = {pPv{a)Y i = {p v (Sa) v p) y L = p v p v {Sa) yv L = qpv(Sa) = qS v (f). 

Next, we determine the map V ® V y — > V ® V v induced by Sv via 

V®V y -> End fe (V), v®A^(ihA(i)d) (A G F v , v, x G V). 

If / G End / r.(T^) is the element corresponding to v ® A G V ® V^ v , then we have 

(/ v g(x), y) = (p v t(x), /(y)> = (p(v), x) X(y) (x, y E V). 

and therefore Sv{f){x) — (p(v), x)q~ 1 (\). This means that SV(/) corresponds 
to the element q~ 1 (X) ®p(v) E V <8> V v via the above isomorphism. 

By the above observation, we have that the trace of Sy is equal to that of 

V®V y -> V® V v , v®X^q- 1 (X)®p(v) (veV,XeV v ). 

Applying Lemma [2.14[ we have Tr(SV) = Tr(q~ 1 p). Now we recall the definition 
of the transposition map and compute 

q = p v t< = p v jvpv(g)~ 1 = ^v,v{p)pv(gy 1 = v(V) -ppvigy 1 . 

Hence, we conclude Tr(S y ) = Tr^p) = v(V) Tr(p v (g)) = v(V)xv{g)- 

(b) The triple E = (Endfe(V r ), Sv , pv (g)) is a pivotal algebra and pv ■ A — >• E 
is a morphism of pivotal algebras. Let Vq denote the vector space V regarded 
as a left £?-module. By Proposition 12.101 the functor p v : mod(£') — > mod (A) 
preserves the FS indicator. Since V = p v (Vo), we have v (Vb) = v(V). 

Now let d — A\m k {V). Then we have R E = V® d as left -E-modules and 
therefore v{E) = v(Vo)d = v(V)d by Proposition 12.91 On the other hand, 
v(E) = Tr(Qv-) by Proposition (33J Thus Tr(Q v ) = v{V)d follows. □ 

The following a generalization of [2J, Theorem 8.8 (iii)]. 

Corollary 3.7. Suppose that k is algebraically closed and that A — (A,S,g) is 
a finite- dimensional semisimple pivotal algebra. Let {V^}i=i 1 ... ) n be a complete 
set of representatives of the isomorphism classes of simple left A-modules. Then 

n 

■&(£) = $>W)x<(s), 

i=l 

where \i — Xv * s ^ e character of Vi . 
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Proof. Put I = {1, . . . ,n}. For i G /, let pi : A — > Endfc(Vi) denote the action 
of A on Vi. By the Artin-Wedderburn theorem, we have an isomorphism 

A-»End fe (Vi)©---©End fe (V„) ! (pi(a), . . . ,p„(a)) 

of algebras. 5 : A — > A induces an anti-algebra map 

S : End fe (Vi) © ■ ■ ■ © End fe (y„) -)• End fc (Vi) © • • • © End fc (V„). 

via the isomorphism. For each i G J, we have <S(Endfc(Vi)) C End/c(Vi*), where 
i* G / is the element such that V^ v = . Hence we obtain 

Tr(S) = Tr(S) = £ Tr(S\ Endk(Vi) ) = £ K^)x.(ff) 

by Theorem 13.61 The sum in the right-hand side is equal to Yn=i u (^ / i)Xi{9) 
since v(Vi) = unless i — i*. The proof is done. □ 

3.3 Separable pivotal algebras 

Recall that an algebra A is said to be separable if it has a separability idempotent, 
i.e., an element E G A® A such that E 1 E 2 = 1 and aE 1 ®E 2 = E 1 ®E 2 a for all 
a E A. If such an element exists, then the forgetful functor mod (A) — > Vecfd is 
separable with section Hv,w '■ Hom k (V,W) -> Hornby, VF) (V,W G mod(A)) 
given by 

ny,w(/)(«) = E 1 f(E 2 v) (/ G Hom fc (F, W)). 

Hence, if a pivotal algebra A = (A, S, g) is separable (as an algebra), then we 
can apply the arguments of ij2.4l This is a rationale for the following theorem: 

Theorem 3.8. Let A = (A, S,g) be a separable pivotal algebra with separability 
idempotent E G A® A. Then, for all V G modfd(^i), we have 

v{V) = xviSiE^gE 2 ). 

Proof. Define £y : Bil(V) — > Bil(V) so that the following diagram commute: 

Bil(V) Hom fc (V,V v ) nv ' vV > Hom A (V,V v ) — ^ BiU(V) 

S v Tv.vl | 1 " V '' V ' l Sv 

Bil(V) < Hom fe (V,V v ) < Rom A (V,V v ) < BiU(V). 

By inclusion By 1 

By the arguments in £|2.4[ v(V) is equal to Tr(Tv,v). However, to make the 
computation easier, we prefer to compute Tr(Ey), which is also equal to v(V). 

Let li'y : Bil(V) — > Bil^V) be the composition of the arrows of the first row 
of the above diagram. If b = By(f) for some / G Hom^V, V v ), we have 

U' v (b)(v, w) = (n vyv (f)(v),w) = (^f(E 2 v) 7 S(E 1 )w) = b(E 2 v, S(E l )w) . 
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Hence, by (|3.7p , we have 



E v (b)(v )W ) =V v (& v (b)yv,w) =b(E 2 w,S(E 1 )gv). 

Applying Lemma l2~T5l we obtain u(V) = xviSiE^gE 2 ). □ 

Example 3.9 (Group-like algebras). As a generalization of the group algebra of 
a finite group, Doi f[29j|. j25[) introduced a group-like algebra. It is defined to be 
a quadruple (vl, e, B, *) consisting of an algebra A, an algebra map e : A — > k, 
a basis B = {bi} ie i of A indexed by a set I, and an involutive map * : I — »• I, 
% i ^ z* satisfying the following conditions: 

(GO) There is a special element G / such that b ~ 1 is the unit of A. 

(Gl) e(h) = e(h.) ^ for all i G 7. 

(G2) — for all i, j, k € I, where p^ is the structure coefficients of A 
with respect to {bi} defined by bi ■ bj = J2kei Pij^k G I). 
(G3) = Sij.eih) for alU G 7. 

The group algebra of a finite group is an example. Another important 
example is the Bose-Mesner algebra of an association scheme. 

Let A = (A, s, B, *) be a group-like algebra. Define a linear map S : A — > A 
by S(bi) — bi* (i G I). By (G2), S is an anti-algebra map. Since the map 
* : I — > I is involutive, the triple (A, S,l) is a pivotal algebra. 

In what follows, we assume that the base field is C and £(&,) > for all 
i G I. Then, by results of Doi (25|, we have that v — ^2 ieI £{b i )^ 1 bi*b i G A is a 
central invertible element and 

E = V -J-^ 1 ^- ®b,^A®A 



is a separability idempotent of A. Applying Theorem 13.81 to A = (A, 5,1), we 
obtain a formula 

iei 1 l> 

If V is simple, then v acts on V as xy(w)xy (l)~ 1 idy. Hence we have 

XV (v) j£ e(bi) 

Applying this formula to the Bose-Mesner algebra of an association scheme, we 
recover the formula of Hanaki and Terada [20j ■ 

Example 3.10 (Weak Hopf C*-algebras). We assume that the base field is C. A 
weak Hopf algebra is an algebra H which is a coalgebra at the same time such 
that there exists a special map S : H — >• H called the antipode; see [3(J and [3l[ 
for the precise definition. We note that the antipode of a weak Hopf algebra is 
known to be an anti-algebra map. 
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Let H be a finite-dimensional weak Hopf C*-algebra; see [3(J §4] for the 
precise definition. There exists an element g G H, called the canonical grouplike 
element [3(1 §4], satisfying S(g) — g^ 1 , S 2 (x) = gxg^ 1 for all x G H, and some 
other good properties. In particular, the triple (H, S, g) is a pivotal algebra and 
therefore the FS indicator v(V) is defined for each V G modfd(-ff). 

We can express v(V) by using the Haar integral [10, §3]; if A G H is the 
Haar integral in H, then E — S(Am ) ® A( 2 ) is a separability idempotent of iJ 
(c/. the proof of Theorem 3.13 of [3Cf). Applying Theorem 13.81 we have 

v{V) = xv(S 2 (A {1) )gA {2) ) = Xv (gA {1) A {2) ). (3.10) 

The formula of Linchenko and Montgomery [1| is the case where H is an ordinary 
Hopf algebra (then S 2 = idjj by the theorem of Larson and Radford [32|). 

Remark 3.11. We do not know whether our formula (I3.10|) is equivalent to @, 
(4.3)] or [H (3.70)]. In @@|3l|, formulas are proved by finding a central element 
e such that v(V) — xv{e) for all V. On the other hand, the element S(E 1 )gE 2 
of our Theorem l3.8l is not central in general. In the following subsection, we give 
a formula of the FS indicator for quasi-Hopf algebras and its twisted version. 
For the above reason, it is not straightforward to derive the formula of Mason 
and Ng Q from our formula. 

Remark 3.12. Takahiro Hayashi (in private communication to the author) 
proved (|3.10p and analogous formulas of the higher FS indicators for weak Hopf 
algebras in the case where S 2 = id#. 

3.4 Quasi-Hopf algebras 

We derive a formula of Mason and Ng \A a nd its twisted version from our results. 

Recall that a quasi-Hopf algebra [33J is a data H = (H, A, e, $, S, a, (3) 
consisting of an algebra H, algebra maps A : H — > H (g> H and e : H — > k, 
an anti-algebra automorphism S : H — > H, elements a, /3 G H and an 
invertible element $ G iJ® 3 with inverse $ satisfying numerous conditions. Let 
Hi = (Hi, Aj,£i, $i, Si, on, Pi) be quasi-Hopf algebras (i = 1, 2). A morphism of 
quasi-Hopf algebras from Hi to H 2 is an algebra map / : H\ — > H 2 satisfying 

A 2 / = (/®/)A 1 , e 2 f = £l , $ 2 = (/®/®/)(*i) 
S 2 f = fS 1 , a 2 = f(a 1 ), /3 2 = /(&). 

Hence, by an involution of a quasi-Hopf algebra H , we shall mean a morphism 
r : H — > H of quasi-Hopf algebras such that r 2 = id//. 

If H is a quasi-Hopf algebra, then modfd(iJ) is a rigid monoidal category. 
Given V G mod fd (iJ), we denote by e v : V v ® V -} k and c v : k -> V" ® F v the 
evaluation and the coevaluation, respectively. Here we need to recall that the 
dual module of V is defined by the same way as (|3.1I) and the maps ey and 
are given by 

n 

e v (\®v) = (\,av) (XeV v ,v eV); c v (l) =^ j3v l ® v\ 

i=l 
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where {wi}i=i,...,„ is a basis of V and {v 1 } is the dual basis. 

We need additional assumptions on H so that H is a pivotal algebra. In what 
follows, we suppose that k is an algebraically closed field of characteristic zero 
and H is a finite-dimensional semisimple quasi- Hopf algebra. Then modfd(if) is 
a fusion category [3] such that each its ob ject has an integral Frobenius-Perron 



dimension. Therefore, by the results of [34|, modfd(-ff) has a canonical pivotal 
structure, i.e., an isomorphism j : id mot j H (m — > (— ) vv of fc-linear monoidal 
functors such that, for all V £ modfd(-ff), the composition 

k _J*_> v®V^ V^®V^ k (3-H) 

maps 1 £ k to dim.fc(V) £ fc. Now let g £ if be the image of 1 6 if under 

H — tf vv if, 

where i# is the canonical isomorphism of vector spaces. We call g the canonical 
pivotal element of 77. By definition,^ is invertible and satisfies S(g)g = 1 and 
S' 2 (/i) = gag^ 1 for all a e H; see [2] and 0] for details. Hence (H,S,g) is a 
pivotal algebra. Now we remark: 

Lemma 3.13. Let f : Hi H2 be an isomorphism between finite- dimensional 
semisimple quasi-Hopf algebras. Then we have f(gi) — g2, where gt £ Hi is the 
canonical pivotal element of Hi . 

Proof, f induces a functor p : modfd(-ffi) — > modfd(i?2)- By the definition of 
morphisms of quasi-Hopf algebras, the functor / : is a fc-linear strict monoidal 
equivalence. The result follows from the fact that such a functor preserves the 
canonical pivotal structure [H Corollary 6.2]. □ 

From this lemma, we see that an involution r of the quasi-Hopf algebra H 
is an involution of the pivotal algebra (H, S,g). As we have observed in 33.21 
r gives rise to an involution of modfd(A) and hence the r-twisted FS indicator 
v T {V) is defined for V € mod fd (ff). By Theorem [33] applied to A = (H, Sot, g), 
we have the following property of v r : 

Theorem 3.14. Let V £ modfd(-ff) be a simple module. Then v T (V) £ {0, ±1} 
and the following statements are equivalent: 

(1) ^(V)^0. 

(2) 'P'(V) is isomorphic to the dual module V v as a H-module. 

(3) There exists a non-degenerate bilinear form b on V satisfying 

b(r(h)v, w) = b(v, S(h)w) for all v, w £ V. 

If one of the above statements holds, then such a bilinear form b is unique 
up to scalar multiples and satisfies b(w,gv) — v T {V) ■ b(v,w) for all v, w £ V. 

Next we express the number v T (V) by using the character of V. To that 
end, it is sufficient to find a separability idempotent of H. Let A £ H be the 
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Haar integral of H (see [35[ and 36|). We set 

p L = <f> 2 S-\&j3) <g>$ 3 , q L = S{W)aW ®<F, 

p fi = I 1 ® $ 2 / 35($ 1 ), to = $ x ® S'- 1 (a$ 3 )$ 2 

and fix p G {pL,Pfi} and g G {g^i Following [2J, Lemma 3.1], we have 

A (1) p 1 a g> A (2) p 2 = A (1) p 1 ® A (2) p 2 S'(a), (3.12) 
,9(0)9^(1) ® g 2 A (2) = g'-Afi) <g> ag 2 A (2) (3.13) 

for all a £ A. From these identities, we see that both S(A^ 1 - ) p 1 ) ® aA( 2 )j» 2 and 
q 1 Ar 1 \f3 ® S'(g 2 A( 2 )) are separability idempotents. Applying Theorem 13.81 to 
(if, St, (7), we have 

v T (V) = X v(SrS(A {1) p 1 )gaA {2)P ^ = X v(Sr(q 1 A {1) (3)gS(q 2 A {2) ^ 

for all V G modfd(-ff). Hence, by using the former expression, we compute 
v T {V) = Xv(S 2 (T(A (1)P 1 ))g ■ aA (2) p 2 ) = X v(g ■ t(A (1)P 1 ) • aA (2) p 2 ) 

= Xv(g ■ r(A (1) p 1 r(a)) • A (2) p 2 ) Xv ( g ■ r(A (1) p 1 )A (2) p 2 • Sr(a))) 
= Xv(Sr(a)g ■ r(A (1) p 1 )A (2) p 2 ). 

Note that the formula of Mason and Ng in Q does not involve g. To exclude g 
from the above formula of v T (V), we require: 

Lemma 3.15. Fix p G {pl,Pb,} cind q G {<?l,<Ir}- Then we have 

g- 1 S(l3) = S(A (1)P 1 )A {2)P 2 , S(a)g = S(q 2 A {2) )q 1 A {1) . (3.14) 

Proof. The first identity is proved in [3| (where our g is appeared as <7 _1 ) and 
the second can be proved in a similar way. For the sake of completeness, we 
give a detailed proof of the second identity. 

Let V be a simple if- module and set c = cy(l). The map 

e q :V®V^k, e 2 (v®f) = (q 2 A {2) f,q 1 A {1) v) (veVJeV v ) 

is an ff-linear map such that e q (c) — dimfc(l^). On the other hand, by the 
definition of the canonical pivotal structure, we see that 

e ;V®VV jV ® idyV > V^®V^ k 

has the same property. Since Hom#(y ® V y , k) = Honijy(V, V) = k, we have 
e = e q . This implies (f,S(a)gv) = (f,S(q 2 A^)t 1 A^v) for all / G V v and 
v G V. In conclusion, S(a)g = S(q 2 Ar 2 ))q 1 An) holds on each simple module V. 
Since H is semisimple, the identity holds in H. □ 
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By Lemmas OS] and OH we have Sr(a)g = r{S{a)g) = S(T(q 2 A', 2) )) ■ 
r(q AL^), where A' = A is a copy of A. The computation is continued as 

v T (V) = X v(S(r(q 2 A{ 2) )) ■ r^A^) ■ r(A (1) p 1 )A (2) p 2 ) 
= X v(r(g 1 A' (1) A (1) p 1 ) • A (2) p 2 S(T(q 2 A{ 2) ))) 

= xv(r(g 1 A' (1) A (1) p 1 r(g 2 A' (2) )) • A (2) p 2 ) = xi/(r(g 1 A' (1) A (1) p 1 ) g 2 A' (2) A (2)J3 2 ). 

Since A : H — > H <E> H is an algebra map, we have A^A(i) <£> A'^A^) = 
A(A'A) = e(A')A(A) = A (A). Hence, we finally obtain 

v T {V)=Xv(r{q 1 A {1) p 1 )q 2 A {2) p 2 ). 

Letting r = id#, we recover the results of Mason and Ng |2| . Assuming H to 
be a Hopf algebra, we recover the results of Sage and Vega [19j . 



4 Coalgebras 

4.1 Copivotal coalgebras 

In this section, we introduce the dual notion of pivotal algebras and study the 
Frobenius-Schur theory for them. For reader's convenience, we briefly recall 
some basic results on coalgebras. 

Given a coalgebra C, we denote by com(C) the category of right C-comodules 
and by comfd(C) its full subcategory of finite-dimensional comodules. We 
express the coaction of V G com(C) as 

p V -V^V®C, v i-t «(o) <8> U(i) (y e V). 

The convolution product of A, fi G C v is defined by (X-kfi, c) = (A, cm ) (/i, C( 2 ) ) 
for all c G C. C v is an algebra, called the dual algebra, with multiplication 
★ and unit e. The algebra C v acts from the left on each V G com(C) by 

: C y ®V ^ V , \ v = U( )(A,U(i)) (A G C v , v G V). This defines a fc-linear 
fully faithful functors com(C) —5- mod(C v ) and 

com fd (C) mod fd (C v ), (4.1) 

which are not equivalences in general. If C is finite-dimensional, then these 



functors are isomorphisms of categories. See, e.g., [37( for details. 

Fix a basis {«i}»=i, of V G corrifd(C). Then we can define by 
Pv{vj) = SILi w i ® °ij U = 1, •■•,"■)■ The matrix (cy) is called the matrix 
corepresentation of V with respect to the basis {vi}. By the definition of 
comodules, we have 

n 
s=l 
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for all i,j = 1, . . . , n. Hence CV = span fc {cy | i,j = 1, . . . , n} is a subcoalgebra 
of C. We call Cy the coefficient subcoalgebra of C. Cy has a special element 
ty = J2i c a> called the character of V. If we regard V as a left C v -module via 
(|4.ip and denote its character by \v, then we have 

Xv W = (A, cu) + • ■ • + (A, c nn ) = A(ty) (4.3) 

for all A G C v . 

Now let V be a finite-dimensional vector space with basis {ui}i = i ) ..., n and 
let {v 1 } denote the dual basis. Then End c (V) = V v (g) V has a basis e,j = 
v l ®Vj (i,j = 1, . . . , n) and turns into a coalgebra with A(e,j) = 2™=i e »s ® e sj j 
e(eij) = (Sjj. End c (V) coacts on V from the right by 

n 

V -)• V (g)End c (V), Vj ^ ® ejj (i = l, ...,n). 

i=i 

Suppose that C coacts on V . Let (c,j) be the matrix corepresentation of V with 
respect to {vi}. By (|4.2I) . the linear map <f> : End c (V) — > C, <fi(eij) = is a 
coalgebra map. Conversely, if a coalgebra map <f) : End c (V) — ?► C is given, V is 
a right C-comodule by 

n 

p:V^V®C 1 v ■ ®<j)(eij) (j = l,...,n). 

i=i 

These constructions give a bijection between the set of linear maps p : V — > 
V <g> C making V into a right C-comodule and the set of coalgebra maps 4> '■ 
End c (V) -> C. 

Suppose that V" G comfd(C) is absolutely simple. As the dual of p.9p . we 
have that the corresponding coalgebra map (f> : End c (V) — > C is injective. Let 
(cij) be the matrix corepresentation of V with respect to some basis of V. The 
injectivity of <fi implies that the set {c^ ■} is linearly independent. 

Now we introduce copivotal coalgebras as the dual notion of pivotal algebras: 

Definition 4.1. A copivotal coalgebra is a triple (C, S, 7) consisting of a 
coalgebra C, an anti-coalgebra map S : C — > C and a linear map 7 : C — ?> k 
satisfying 

^(c) = (7> c (i)} c (2)\7)C(3)) and 7 = 705 
for all c G C, where 7 : C — > k is the inverse of 7 with respect to *. 

Let C = (C, S, 7) is a copivotal coalgebra. If V G comfd(C), then we can 
make V v into a right C-comodule as follows: First fix a basis {v{} of V and let 
(cij) be the matrix corepresentation of V with respect to the basis {vi}. Then 
we define the coaction of C on V v by 

n 

pv v : V v -> V v ® C, pvv(«*) (* = !,••.,»»), (4.4) 

»=i 
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where {v 1 } is the dual basis of {vi}. This coaction does not depend on the 
choice of the basis and has the following characterization, which is rather useful 
than the above explicit formula: 

</(o), = (/, v (0) )S(v m ) (/ e V\ v e V). 

For each V € corrifd(C), we define jv ■ V — > V vv by 

(7V(«), /> = </, 7 (=(/,«(o)>(7,«(i))) (/efVeV). 

In a similar way as Proposition 13.21 we prove: 

Proposition 4.2. modfd(C) is a category with strong duality over k. 

The triple C v = (C V ,5 V ,7) is a pivotal algebra, which we call the dual 
pivotal algebra of C. Let V 6 mod fd (C). For all A G C v , / G T^ v and u E T 7 , we 
have 

(A - j» = {/(o), «)(A, = {/, t> (0 ))(A, S( W(1) )> = (/, S V (A) - v). 

This implies that the functor (|4.1j) is in fact a strict duality preserving functor. 
In what follows, we often regard comfd(C) as a full subcategory of modfd(C v ). 

4.2 FS indicator for copivotal coalgebras 

Let C = (C,S,-f) be a copivotal coalgebra, and let V G comfd(V). We denote 
by Bil(V) the set of all bilinear forms on V and by Bile (TO its subset consisting 
of those b G Bil(V) satisfying 

6(u(o), w)u(i) = 6(u, i«(o))S'(«;(i)) for all e V. (4.5) 

Bilc(V) is the image of Homc(V,V v ) C Homfc(T / ,T /V ) under the canonical 
isomorphism (13.51) . Define Sy : Bilcr(V) — > Bi\c(V) in the same way as before. 
Then, for all b £ Bi\c(V), v, w G V, we have 

Ev(i)(t),ffl) = 6(w,7 — 1 u). 

Now let Bil^(V) be the eigenspace of Ey with eigenvalue ±1: 

Bil c (TO = {b e Bile (TO I 6(^,7 u) = ±6(u,to) for all v,w G V}. 

Then we have f(V) = dimfc Bil^(V) — dimfcBil^(F) as a counterpart of 
Proposition 12.91 (b). Now we immediately obtain the following coalgebraic 
version of Theorem 13.41 

Theorem 4.3. If V £ corrifd(C) is absolutely simple, then we have v(V) S 
{0, ±1}. Moreover, the following are equivalent: 

(1) v(V)fO. 

(2) V is isomorphic to V v as a right C-comodule. 

(3) There exists a non- degenerate bilinear form b on V satisfying (|4.5I) . 

If one of the above statements holds, then such a bilinear form b is unique 
up to scalar multiples and satisfies b(w, 7 — 1 v) = v{V) ■ b(v, w) for all v, w € V . 
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We prove several statements concerning the FS indicator of V e comfd(C). 
The proof will be done by reducing to the case of pivotal algebras in the following 
way: First fix a subcoalgebra D C C satisfying 

dim fc (D) < co, C v C D and S(D) C D. (4.6) 

Note that such a subcoalgebra D always exists. Indeed, by (|4.4[) . we have 
Cx v — S(Cx) for all X 6 corrifd(C). If V is a subcomodule of X, then Cy is a 
subcoalgebra of Cx ■ Therefore, since X = V © V v is self-dual and has V as a 
subcomodule, D = Cy®v w satisfies (|4.6[) . 

It is obvious that the triple D = [D, S\d, 7|-d) is a copivotal coalgebra and 
hence Z? v is a pivotal algebra. As we remarked in the above, the functor 

F D : mod fd (Z) v ) — = — > com fd (D) incluslon > C omf d (C) 

is a fc-linear faithful strict duality preserving functor. Since dhxik(D) < oo, this 
functor is, moreover, full. Hence it preserves the FS indicator. By regarding V 
as a left D v -module, we mean taking Vo £ mod fd (Z? v ) such that F D (V ) = V 
and then identifying Vq with V . 

Now we prove an analogue of Theorem 13.51 Let Rc denote the coalgebra C 
regarded as a right C-comodule by the comultiplication. 

Theorem 4.4. Suppose that C is finite- dimensional. 

(a) v(R c ) = Tr(Q), where Q:C^C,c^ 5(c (1) )( 7 ,c (2) ). 

(b) If C is coFrobenius, then Rc = R c as right C-comodules. Hence, 
v{Rc) = K R cO- 

Proof, (a) Write A — C v and regard the right C-comodule R c as a left A- 
module via (|4. 1 [) . To avoid confusion, we denote by — 1 the action of A on 
Ra and by —? that on R c . Since the coaction of /i S Rp is characterized as 
(M(o):c)/i ( i) = (^,c (1) )S'(c(2)), the action A x R c ->■ R c is given by 

(/ -, M ,c) = (/,5(c (2) ))(^,c (1) ) (f & A,fj, e R c , c e C). 

Consider the map S y : Ra — > Rc- For X e A, f e Ra and c £ C, we have 

<S V (A - /),c> = (A*/, 5(c)) = <A,S( C(2) ))</,S(c (1) )} 

= (A,5( C(2) ))(5 v (/),c (1) ) = (A^5 v (/),c) 

and therefore S* v : Ra — > R^ is an isomorphism of A-modules. Applying 
Theorem 13.51 to A — C v , we see that v(R c ) — v(Ra) is equal to the trace 
of the map Q' : A -> A, A h4 S* v (A) * 7 (A e C v ). Since (Q'(A),c) = 
(A, 5(c(i)))(7, C( 2 )) = (A, (9(c)), Q' is the dual map of Q. Hence, we have 
i/(R£) = Tr(Q') = Tr(Q). 

(b) If C is coFrobenius, then A is Frobenius. Thus, by Theorem 13.51 there 
is an isomorphism ip : Ra — > R^ of A-modules. In the proof of (1), we see 
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that S* v : Ra — > Rc is an isomorphism of ^4-modules. Regarding them as 
isomorphisms in the category corrifd(C), we obtain an isomorphism 

Rc — R v c v Ra — ^ Ra R v c 

of right C-comodules. □ 

The following is a coalgebraic version of Theorem 13.61 

Theorem 4.5. Let V G corrif c |(C) fee cm absolutely simple comodule and suppose 
that V is self-dual. Then, by (|4.4p . the map 

Sv.Cv^Cv, S v (c) = S(c) (ceC) 

is well-defined. We also define 

Qv-.Cv^Cv, Qv(c) = 5( 7 c) (= 5(c (1) ) 7 (c (2 ))) (c G C). 

TTien u;e /iawe: 

(1) Tr(Sy) = • 7(*v) (2) Tr(Qy) = • dim fc (F). 

Proof. (1) We regard 1^ as a left (CV) v -module and denote its character by \v- 
Applying Theorem l3.6l to the dual pivotal algebra (Cy) v and by using (|4.3j) . we 
have Tr(S y ) = v(V) ■ X v{l) = v{V) • 7 (ty). 

(2) We regard Cy as a right CV-comodule. Since Cy — End c (V^) is 
coFrobenius, by Theorem 14. 4[ we have v(Cv) = Tr(Qy). Let d = dha.k(V). 
Since Cy = V® d as a right C-comodule, we have v{Cy) — u(V)d. Hence, 
Tr(Qv) = v(V)d. □ 

Applying Corollary 13.71 to the dual pivotal algebra of C, we have: 

Corollary 4.6. Suppose that k is algebraically closed and that C = (C, S, 7) is a 

finite- dimensional semisimple copivotal coalgebra. Let {Vi}i=i >n be a complete 
set of representatives of the isomorphism classes of simple right C-comodules. 
Then 

n 

= 5>(VS)7(*i), 
»=i 

where ti = iy is the character of Vi . 



4.3 Coseparable copivotal coalgebras 

A coalgebra C is said to be coseparable if it has a co separability idempotent, 
i.e., a bilinear form A : C x C — > k satisfying cmA(c(2), d) = A(c, dnyjd^) and 
A(c(i),C(2)) = e(c) for all c, d £ C. If such a form exists, then the forgetful 
functor com(C) — > Vec(fc) is separable with section Ilyiy : Homjfe(V, W) — > 
Homc(V, W) given by 

EvMf) ■■ v v ® c W ® c w ® c ® c w 
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for / E Horrifc(y, W). The following theorem can be proved by the arguments of 
H2A\ Nevertheless, to avoid notational difficulties, we do not use II and prove 
the theorem by reducing to Theorem 13.81 

Theorem 4.7. If C = (C, S, 7) is a coseparable copivotal coalgebra with 
co separability idempotent X, then, for all V G corrifd(C), we have 

u(V) = A(5(7 *v(i))» V{2)) ( = A(S(t V (i))) V(3))t(*v(2)))- 

Proof. Fix a subcoalgebra D oi C satisfying (|4.6I) . 13 is coseparable with = 
Mdxd- Since D is finite-dimensional, there exist finite number of linear maps 
A ■ , A'/ : D -> k such that 

\ D (x 1 y) = J2K(x)K'(y) 

i 

for all x,y E -D. It is easy to see that £7 = J7 A^<g)A" is a separability idempotent 
for the dual pivotal algebra D v . Now we regard V as a left Z? v -module and 
denote its character by \v- Applying Theorem 13.81 to D, we obtain 

Now the desired formula is obtained by using (|4.3[) . □ 

A copivotal Hopf algebra is a Hopf algebra if = (if, A, e, S) equipped with an 
algebra map 7 : H —> k satisfying S 2 (x) — (7, xm)x(2) (7, S(x($))) for all x <E H. 
Since 7 is an algebra map, 70^ is the inverse of 7 with respect to the convolution 
product. Therefore a copivotal Hopf algebra is a copivotal coalgebra. 

A Haar functional of a Hopf algebra H is a linear map A : £T — > k satisfying 
(A, 1) = 1 and (A, x/WfXf^) = e(x)l = xn\ (A, #(2)) for all x E H. If A is a Haar 
functional of H , then the map 

X:HxH^k, X(x, y) = (A, S{x)y) fay E H) 

is a coseparability idempotent of the coalgebra H . Note that we have 

S 2 (x(i)){l,X(2)) = (7,a!(i))a;(2)<7.S , (x(3)))(7,x (4 )> = (7, x (1) )x (2) 

for all x E H. The following corollary is a direct consequence of Theorem 14.71 

Corollary 4.8. Regard a copivotal Hopf algebra H — (H, A, s, S; 7) as a 
copivotal coalgebra. If there exists a Haar functional X : H — > k on H , i/ien 
we /iai>e 

"(V) = (7.*V(1))(A, V(2)*V(3)) 

/or a/Z V £ corrifd(-ff). 

We shall explain how can we obtain from Corollary 14.81 
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Example 4.9. We work over C. Let G be a compact group. A function / : G — ► C 
is said to be representative if there exist finite number of functions f i, gt : G — > C 
such that /(xy) = J2i fi{ x )9i(v) f° r au £, y E G. We denote by -ff(G) the algebra 
of continuous representative functions on G. R(G) is in fact a Hopf algebra; the 
comultiplication, the counit and the antipode are given by 

/(i)(z)/(2)(y) = f(*v), e(f) = /(i), S(f)(x) = fix- 1 ) 

for / £ i?(G), x,y eG. Define A : i?(G) -> C by A(/) = J G f{x)d^{x), where 
is the normalized Haar measure on G. We see that A is a Haar functional of 
R{G) (in fact, this is the origin of this term). 

The group G acts continuously from the left on each V E corrifd (R(G)) by 
x ■ v — V(i)(x) ■ U(o) (x E G, u E V). Conversely, if V is a finite-dimensional 
continuous representation of G, then -R(G) coacts from the right on V. If wc 
fix a basis {i>j}-S=i,...,n of V, the coaction of R(G) is described as follows: Define 
fij : G ->• C by 

^ " ^ = y^;fij( x ) v j (x £ G,i = 1, . . . ,n). (4.7) 
i=l 

Then each /y is an element of R(G). The coaction of i?(G) on V is defined by 

n 

V ® R(G), Vi^y^Vj ® (i = !,...,»). 



=i 



This correspondences give an isomorphism of categories with duality over C 
between corrifd (R(G)) and the category of continuous representations of G. 

Now let V be a continuous representation of G with character Regarding 
V as a right i?(G)-comodule via the above category isomorphism, we obtain 
v{V) — ^{tv (\)W (2)) by Corollary 14.81 To compute this value, we fix a basis 

{vi}i=i,...,n of V and define by (|3~7) . Then iy = /n H h /„„. Hence, 

by (|4.2[) . we compute 



= X(t V (i)tv(2)) = J g (f^ (4-8) 
Since the action of x e G is represented by p(x) — (/r?(ir))tj=i,...,n, we have 

n 

Xv(x 2 ) =Tr(p(x) 2 ) = Y fij( x )fji( x )- 
Substituting this to (|4.8p . we obtain (jl.ip . 
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5 Quantum SL2 

5.1 The Hopf algebra O g (SL 2 ) 

In this section, we give some applications of our results to the quantum 
coordinate algebra O q (SL2) and the quantized universal enveloping algebra 



J7 9 (sl 2 ). For details on these Hopf algebras, we refer reader to [38[ and [39j. 

Throughout, the base field k is assumed to be an algebraically closed field 
of characteristic zero, q G k denotes a fixed non-zero parameter which is not a 
root of unity. We use the following standard notations: 



n n = 



q" 



q _ q -H ' ' 



! — 



[n-1],! (n>l), [0],! = 1 



for n e N = {0,1,2,...}. 

The quantum coordinate algebra O q (SL(2)) is a Hopf algebra defined as 
follows: As an algebra, it is generated by a, b, c and d with relations 

ab = qba, ac — qca, bd — qdb, cd — qdc, be = cb, 
ad — qbc = 1 = da — q~ l bc. 

The comultiplication A and the counit s are defined by 

A (a) = a®a + b®c, A(6) = a <g> b + b ® d, e(a) = 1, e(b) = 0, 
A(c) = c (8) a + d ® c, A(d) = c ® 6 + d ® d, s(c) = 0, e(d) = 1 

and the antipodc S* is given by 

5(a) = d, 5(6) = -g _1 &, 5(c) = -qc, 5(d) = a. 

We define an algebra map 7 : O q (SL2) — ► fc by 

7 (a)=q" 1 , 7(6)= 7(c) = 0, 7 (d)=q. 

One can check that O q (SL2) is a copivotal Hopf algebra with 7. In what follows, 
we determine the FS indicator of simple O g (5L2)-comodules. 
For each I E ^Nq, we put 7^ = {-i, —£+ 1, ...,£— 1,£} and 

= B pan fc {o / ~ i 6 4+i 1 1 G I t } C O g (5L 2 ). 

is a right coideal and hence it is a right O q (572)-comodule. It is known 
that each Xg is simple and {Xi \ i € ^0} is a complete set of representatives 
of the isomorphism classes of simple right O g (5L2)-comodules. This implies, in 
particular, that Xg is self-dual. 

In this section, we first prove the following result: 



Theorem 5.1. v(X ( ) = (-1) 



21 



35 



By Theorem l4.3[ this result reads as follows: For each i € there exists a 
non-degenerate bilinear form ft on Xi satisfying /3(x(o), y)xt\) = (3(x,yrQ\)S(yn^) 
and b(y, 7 — ^ x) = (— 1) 2£ • 6(a;, y) for all X^. 

To prove Theorem 15.11 we need a matrix corepresentation of Xg . For each 
i £ If,, we fix a square root Aj of [£ + i] q ~^- and take 

as a basis of JQ. Define by A(2y ) = £j ®c-j . The matrix (c-j) has been 
explicitly determined and well-studied in relation to unitary representations of 
a real form of O q {SL2)] see, e.g., [39|, §4]. Following loc. cit., we have 



c (£) 



• a-^cf-i -Pi+^q-^lq^^q- 2 ) (i + j<0,i> j), 
N+ r a-^V^- p l+l {C : q~ 2 ^^\q 2{l+ ^\q- 2 ) (i+j<0,i<j), 

n~ u ■Pi^{C;q- 2[l - ] \q 2{l+]) \q- 2 ) ■ cMd*' (i + j>o,i> j), 

N~ je ■ p e ^(C,q- 2{l -'\q 2(t+l) \q- 2 ) • b^d^ (i + j>0,i< j), 
where ( = —qbc, 

andp m is the /itt/e q-Jacobi polynomial [39I §2]. We omit the definition of p m ; in 
what follows, we need only the fact that p m (C; 9i; 92 1<33 ) (ft G fc) is a polynomial 
of £. Note that, since <!?(£) = C, we have 

S(p m (C,Qi,Q2\q3)) =p m {S{();qi,q2\q3) = Pm(C; 9i, <l2\qa)- (5.1) 
Since / H- (7 — /) (/ e O g (S , L 2 )) is an algebra map, we also have 

7 ^Pm(C; 9i,92|93) =Pm(7 C;9i,92|93) =Pm(C;9i,92|93)- (5.2) 
Proof of Theorem \5.1[ Let ft be the coefficient subcoalgebra of Xg. Define 
Qf-Ct^ ft QtU) = S(i - /) (/eft), 
is well-defined since Xi is self-dual. By Theorem 14. 5 [ we have 

Tr(Q e ) Tr(Q e ) 



v(Xt) 



dim fe pQ) 2£+l 



By (|5.1[) , (|5.2[) and the above description of c , we have 

Q £ (c^) = 5(7 cg } ) = (constant) x ^(cg } ) = (constant) x c { \ 

for all z, j 6 if. Recall that {c-^} is a basis of ft since is simple. The above 
computation means that Qi is represented by a generalized permutation matrix 
with respect to this basis. 



36 



Note that = (—j, —i) if and only if j = —i. If i > 0, then 
Qi(c%-i) = <T 21 • S(N^ U ■ c 2 * ■ pt-ifa q~'\ l\q- 2 )) 

= T 2i ■ K-u ■ w-*(C! T 41 , ik- 2 ) • (-<z) 21 = (-i) 21 • cfX,. 

Since ^ — i 6 Z, we have (— l) 2 * = (— 1) 2£ . In a similar way, we also have 
Qiicflt) = (~1) 2£ for i < 0. Hence we obtain Tr(Q e ) = {-l) 2e ■ {2£ + 1). □ 

O q (sl2) has a Hopf algebra automorphism r given by 

r(a) = a, r(6) = —6, r(c) = — c, r(d) = d. 

r is an involution such that 707 = 7 and hence the r-twistcd FS indicator 
v T (X) is defined for each X £ comfd(O g (5i2))- Replacing S in the proof of 
Theorem 15.11 with Sot, we have the following theorem: 

Theorem 5.2. v T (X t ) = +1. 

By Theorem 14.31 this result reads as follows: For each I G there 
exists a non-degenerate bilinear form j3 on Xg satisfying /3(a;(o),y)r(x(i)) = 
y(o))S{y(i)) and /3(w,j — ^ v) = /3(v,w) for all v, w G Xf. 

Remark 5.3. The character i£ of -X^ is given by 
^ = E C ^ = E a 2 > +J (C;l,^|g- 2 )+ E Pi+i(CA,q M \q- 2 )d 2i . 

i&It i£l e ,i>0 ieh,i>0 

One can prove Theorems 15.11 and 15.21 by Theorem 14.71 and its corollary (see 
(39l . §4] for a description of the Haar functional on O q (SL2))- However, the 
computation will become more difficult than the above proof. 

5.2 The Hopf algebra U q (sl 2 ) 

The quantized enveloping algebra [/^(s^) is a Hopf algebra defined as follows: 
As an algebra, it is generated by E, F, K and K~ x with relations KK^ 1 = 1 = 
K- 1 K, 

KER- 1 = q 2 E, KFK- 1 =q- 2 F and EF - FE = - - K , . 

The comultiplication A, the counit e and the antipode S are given by 

A(K)=K®K, i\{E) = E®K + l®E, A(F) = F ® 1 + X" 1 ® F, 
= K"- 1 , 5(J5) = -EK'-\ 5(F) = -FF, e(F) = 1, e(F) = e(F) = 0. 

We have S 2 (u) = KuK~ x for all u £ C/ 9 (s[ 2 ). Hence the Hopf algebra C/ 9 (s[ 2 ) 
is pivotal with pivotal grouplike element K . 
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For each I e §N , we define a left J7 g (sl2)-module Vg as follows: As a vector 
space, it has a basis {vi}i £ i e . The action of Uqfelz) on is defined by 

K -Vi = q 2i v l , E-Vi = [£-i+ F ■ = [I + i + l] q v i+1 [i e I t ), 

where v t+1 = v_^ +1) = 0. 

There is a unique Hopf paring (— , — ) : U q (sl2) X O q (SL 2 ) — >■ fc such that 

(X,a) = g- 1 , (K,d)=q, (E,c) = l, (F,b) = l, 
(K, b) = (K, c) = (E, a) = (E, b) = (E, d) = (F, a) = (F, c) = (F, d) = 0; 

see [H §4] and 0, V.7]. This paring induces an algebra map tp : U q {sl2) — > 
O q (SL2) v ■ Since ip(K) = 7, <p is in fact a morphism of pivotal algebras. Hence 
we obtain a fc-linear duality preserving functor 

$:com u (o q (SL 2 j) -— -> mod fd (o g (5L 2 ) v ) mod fd (u q (sl 2 )) ■ 

One has = Vg. In particular, $ maps simple objects to simple objects. 

Since O q {SL2) is cosemisimple, the functor $ is fully faithful and therefore $ 
preserves the FS indicator. Hence, by Theorem 15. 1[ we have: 

Theorem 5.4. v(V e ) = (-I) 21 - 

By Theorem 13.81 this result reads as follows: For each I e 5N0, there exists 
a non-degenerate bilinear form j3 on Vg satisfying j3{uv, w) = ft(v, S{u)w) and 
(3(w,Kv) = (-1) 2£ ■ (3(v,w) for all u e U q (sl 2 ) and v,w E V e . 

Uq(sh) has a Hopf algebra automorphism r defined by t(E) = —E, t(F) = 
—F, t(K) — K. It is obvious that r is an involution of the pivotal algebra 
U q (sl 2 ). Since (t(u)J) = (u,r(f)) for all u € U q (sl 2 ) and / e O q {SL 2 ), $ also 
preserves the r-twisted FS indicator. Therefore we have: 

Theorem 5.5. v T (V e ) = +1. 

This result reads as follows: For each i 6 there exists a non-degenerate 
bilinear form ft on Vi satisfying /3(t(u)v,w) — b(v, S(u)w) and f3(w,Kv) = 
b(v,w) for all u £ U q (sl 2 ) and v,w G V^. 

6 Conclusions 

As we have briefly reviewed in Section [1] the celebrated theorem of 
Frobenius and Schur has several generalizations. To give a category-theoretical 
understanding of these generalizations, in Section [21 we have introduced the FS 
indicator for categories with duality over a field fc; if C is a category with duality 
over k, then a linear map Tx,y '■ Homc(A, Y v ) — »■ Homc(Y,A v ), / H> / v o j 
is defined for each X, Y E C. We call Tx,y the transposition map. The FS 
indicator v(X) of X € C is defined to be the trace of Tx.x ■ Home (A, A v ) — > 
Home (A, A v ). We have also introduced a general method to twist the given 
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duality by an adjunction, which is a category-theoretical counterpart of several 
twisted versions of the Frobenius-Schur theorem. 

In Section |31 we have introduced the notion of a pivotal algebra. The 
representation category of a pivotal algebra has duality and therefore the 
FS indicator is defined for each its representation. We have given a 
representation-theoretic interpretation of the FS indicator and a formula of 
the FS indicator for separable pivotal algebras. These results yield the 
Frobenius-Schur-type theorems for Hopf algebras, quasi-Hopf algebras, weak 
Hopf C*-algebras and Doi's group-like algebras. The notion of pivotal algebras 
is useful to deal with the twisted FS indicator; as a demonstration, we have 
constructed the twisted Frobenius-Schur theory for quasi-Hopf algebras. 

In Section [H we have introduced the notion of a copivotal coalgebra as 
the dual notion of a pivotal algebra and gave results for copivotal coalgebras 
analogous to pivotal algebras. In particular, we have given a representation- 
theoretic interpretation of the FS indicator and a formula of the FS indicator 
for coseparable copivotal coalgebras. 

In Section [SJ we have applied our results to the quantum coordinate ring 
O q {SL^) and the quantum enveloping algebra U q {s[2). For each I 6 5N0, there 
Oq{Sh%) has a unique simple right comodule Xg of dimension 2£. We have 
proved v{Xp) = {— l) 2e and analogous results for the twisted case and [/^(sb) 
case. As we have remarked, the Haar functional on O q {SL 2 ) is not used in our 
proof. We expect that the FS indicator for general O q (G) will be determined 
by using the Haar functional. 
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